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REGULAR INVERSION OF THE DIVERGENCE OPERATOR WITH
DIRICHLET BOUNDARY CONDITIONS ON A POLYGON*

DOUGLAS N. ARNOLD,t L. RIDGWAY SCOTT,{ anop MICHAEL VOGELIUS§

Abstract. We consider the existence of regular solutions to the boundary value problem divU = f
on a plane polygonal domain  with the Dirichlet boundary condition U = g on 8§2. We formulate
simultaneou ly necessary and sufficient conditions on f and g in order that a solution U exist in the
Sobolev spa: ¢ W;'H(Q). In addition to the obvious regularity and integral conditions these consist of
at most onc compatibility condition at each vertex of the polygon. In the special case of homogeneous
boundary data, it is necessary and sufficient that f belong to W7 (), have mean value zero, and vanish at
each vertex. (The latter condition only applies if s is large enough that the point values make sense.) We
construct a +>lution operator which is independent of s and p. As intermediate results we obtain various
new trace thorems for Sobolev spaces on polygons.

Key words. divergence, trace, Sobolev space

AMS(MOS) subject classifications. 35365, 46 335

1. Introduction. The constraint of incompressibility arises in many problems of
physical interest. In its simplest form th s constraint is modelled by the partial differential
equation

divU=0 1 Q,

where U could be, for example, the velocity ield in the Navier-Stokes equations or the
displacement field in the equations of incompre sible elasticity and  is the spatial domain.
Often in the analysis of such problems the inh »mogeneous equation

(1.1) divU=f inQ

is introduced and the question of the existence of regular solutions to this equation arises.
If no boundary conditions are imposed, then it is easy to see that solutions to (1.1) may
be found which are as regular as the regnlarity of f permits. That is, if f belongs to tle
Sobolev space W;((2) for some s > 0 and 1 < p < oo then there exists a solution U in
W3+ (). To show this it suffices to define U = grad u where u € W3+%(Q) is a solution

*This research was partially supported by NSF grant OMS-86-01489 ( INA), NSF grant DMS-86-13352 ,L,]
(LIXS), ONR contract N00014-85-K-0169 (MV), and the Sloan Foundation (MV). Each of the authors was =
in res dence and further supported by the Institute for Mathematics and its Applications for part of the
time this rescarch was being performed.

{Department of Mathematics, University of Marylanc. College Park, MD 20742 and Institute for Math- -
smatics and its Applications, University of Minnesota, Minneapolis, MN 55455,

t{Departiment of Mathematics, Pennsylvania State University, Uaiversity Park, PA 16802. LT

§Departinent of Mathematics, University of Maryland, College Park, MD 20742. -
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of Poisson’s equation Au = f. Note that there exist such regular solutions of Poisson’s
cquation even on a domain whose boundary is assumed no more regular than Lipschitz,
suice we can always extend f to a smoothly bound.'d domain and solve a regular boundary
value problem for Poisson’s equation (such as the Dirichlet problem) on the larger domain.

The existence of regular solutions to (1.1) wit'i specified boundary values
(1.2) U=g onJQ

is more subtle. An obvious necessary condition fo- the existence of such a solution is that

(1.3) /sz/ndivUz mt-v:/@ﬂg-v.

If Q is a smoothly bounded planar domain, f € 1'}(Q), g € W',‘TH_l/p(aQ) for s > 0 with
s — 1/p nonintegral, and (1.3) holds. then a simj le construction of a solution U of (1.1),
(1.2) in W’;‘H (§2) is possible. For example, considcr the case g = 0 and suppose §2 is simply
connected. First let v € YV;*"Q(Q) be a solution to Poisson’s equation as above. Then the

normal dciivative du/Ov and the tangential derivative du/dc are in W’,‘,’H-l/p(aﬂ) with
fBQ Ju/O = 0. We can thus find w € ‘V;’L?(Q) such that

Ow, 0v = 0u/do, 0Ow/do = —0u/dv H>n IR,

or, equivalently,
curlw = — gradu on 99N.

(By curl w we mean the vectorfield (Jw /0y, —Ow/dz)). Setting U = grad u + curl w gives
the desired solution.

If 0Q is not sufficiently smooth, then this argnment fails and the existence of w is far
from obvious. In this paper we consider the case of polygonal  with sides denoted by
[, Returning to the general case. we show that if f belongs to W (Q), glr, belongs

to {'V,fH_l/p(I",,) ’ for each n, and f and g s.tisfy (1.3) and some further necessary
compatibility conditions, then (1.1) admits a 1V '+ solution U satisfying the boundary
condition (1.2). Somewhat surprisingly. the con Hatibility conditions required for s = 2,
one condition per verte < in addition to (1.3), arc sufficient for all higher s. These results
have already been appl ed in [2], [6], and (8].

2. Preliminaries. We will introduce a varic ty of function spaces allied to the Sobolev
spaces. For the convenicncee of the reader we list liere our notatio for each and the equation
number nearest the defiartion.

ey (21 Q) (21 W) (21

W) (3.1 xp (5.1); X709)  (6.1);
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Z:(09)  (6.3); WaQ)  (6.13); VAR (T.1)
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Throughout the letter C' is used to denote a generic constant, not necessarily tle same
from one occurence to the next. For Q@ C R™ a domain with Lipschitz boundary (as defined,
for example, in [3, Definition 1.2.1.1]), and f € C*°(Q) we define the usual Sobolev norms
forl<p<ooands >0:

( ”fHZP(Q)' N = 0,
Wik +/ V@) = FW g 0cs<1
(21) “f“.ipﬂ Lr(Q2) 'T_J|n+sp Y o )
Z HDafiI,_[\.]_p‘Q» 1 <s< o0
\Jal<[s]

(Here [s] denotes the greatest integer not exceeding s.) The spaces W7(§2) and ﬁ';(Q)
are defined to be the closures of C™®(Q) and C§°(N), respectively, relative to these norms.
There exists a bounded lincar extension operator from W (Q) into W7 (R™) (even if the
boundary is only Lipschitz). Cf. [3, Theorcm 1.4.3.1]. For s > 1/p the functions in V()
have well-dcfined traces on Q. If s > 1 then W (€2) N W;(Q ={veWjQ)|vs=
0 o 92}. We denote by ﬁ";(Q) the sulspace of 177(Q) consisting of elements whose
integral is zero. For details and more information regarding Sobolev spaces, we refer the
readler to {1], (3], [7], and, for the case p = 2, to [5].

We shall also require the Sobolev norins for functions defined on Lipschitz curves in
R?, in particular for an opeu subset, I', of the houndary of a polygon. For a Lipschitz

curve, the norms || - ||, p.r may be defined for 0 < s <1, 1 < p < oc, via charts. Moreover,
for 1/p < s <1, the trace operator maps W () boundedly onto W',f—l/p(aﬂ). Sce [3.
Theorem 1.5.1.2]. (The norms || - ||s,pry 8 > 1, are not well-defined unless T' is more
regular.)

Ve recall some propertics of these spaces when the domain of definition is a broken
line segment. (Cf. 4] or [3, Lemma 1.5.1.8).) Suppose T'; and T are line scgments in R?
intersecting at a common endpoint, z, and let f be a function on I' = I'; UT';. Then for
l<p<oocand0< s <1/p, feW(T)if and only if

(2.2) fle, € W) flr, € WD)

Moreover, the norm

(2.3) ”f”ﬂ.lhr\ + ” f”s.p.l";

is equivalent to the W(T') norm. For 1/p <s < 1, f € WD) if and only if (2.2) holds and
f is contimous at z. (Note that (2.2) implies the continuity of f everywhere else in view
of the Sobolev imbedding theorem). In this case too we have equivalence of norms. The
case s = 1/p is more involved. Let 0y denote the unit direction along Iy pointing toward




. . . . . -1
z, and let o, denote the unit direction along I'y pinting away from z. Then f € !’P‘,,/p(F)

if and only if (2.2) holds and

Iﬁ(f):/ tHflz —toy)— (z+1top)|P dt <

0

where € is a positive number not exceeding the le: sths of I'y or T';. In this case

1/
(2.4) (UA1 s + UL s + TRCO)

defines a norm equivalent to || |y, .1

If I'; and I'y are collinear, so I' is a line segment, one can easily extend these results to
determine when f belongs to 1V, (I') for s > 1. Namely, if s —1/p is not an integer, then
f € WD) if and only if (2.2) holds and the tangential derivatives f*) are continuous at
z for 0 <k < s—1/p. If this case, (2.3) is an equivalent norm on W)(T). If s — 1/pis an
integer, it is required in addition that Ip(f("‘l/”)) < oo and then [[|f|I} , r, + WA o, +
Ill’(j(’_l/”’)]'/P is an equivalent norm on W (T').

W',f/p on a sector. Let

We close this section with two lemmas concerning the space
So ={(rcosb,rsinf) |0<r<1,0<6<a}, 'Y= {(rcosa.rsina)|0<r <1}, and
I'g ={(r,0){0<r<1}. Then I'*:=T§UTI'TU(0,0) is the linear part of the boundary
of 5,. By yu we denote the trace of the function u on I'®.

LEMMA 2.1. Let a € (0,27). Then the trace cperator ¥ maps W,’;"/”(S(,) continuously
into W,/?P.T),

Proof. For p > 2 this lemma follows iinn:ediately from the trace theorem quoted earlier
([3. Theor m 1.5.1.2]) since then s = 2/p < 1. For 1 < p < 2 we first show that 4 maps
IV,‘,(SO) continuously into IVt_l/” '), 2/ <t <14+ 1/p. Indeed, if u € “V;(S(,),

O "V,f_l/p(rf'), and siuce t > /p, yu 1s also continuous at the origin, As

then yu
t —1/p < 1, this implies that vu € W';,_l "(T'™). Furthermore, we know that 5 maps
H"'If(Sn) continuously into 1V 1-1/,.(1,(,). The conclusion of the lemma now follows by

interpolation.!

YThe fractional order spaces W(Sa) ruay also he defined by real interpolation hetween two consecutive
integer orders. This is the approach used in [I. Ch 7], wh re the specific interpo ation process is defined.
The equivalence with the definition given here is shown in {1, Theorem 7.48] Siniilarly the spaces Wail)
for an interval [ may be defined by real interpolation betwe nintege orders. The came holds for the spa es
WiE®) for 0 < s < 1, because these are defined by pulli g back 1 ie spaces W [) via Lipschitz cha.ts.
Since 1 < 1 < 2itis possible to interpolate between H'",(S,. vand WiiSs)and since 0 < 1-1/p < t-1/p < 1

“URry

. . . - . t . . . . .
it 1s possible to interpolate between H; l/"(I") and W, Choosing the interpolation mdex

appropriately we get that ¥ maps H",'j)/r(s,,) continuously into H',l/"(l‘" ).
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Remarks. (1) If « varies in a compact subinterval of (0,27), then the distance between

pomts o € I'Y and ry, € T 1s equivalent to the sumn of the distances of z; and x, to
the origin, uniformly in o, Consequently, the equivalence of the norm in (2.4) and the
H',!/"(F“ ) norm 1s uniform in «. It 1s then casy to sce that there is a single constant which
bounds the norm of the trace operator between the spaces ‘V,?/p(Sa) and tV,}/p(I"’).

(2) Usin; a partition of unity. we can easily extend Lemma 2.1 to show that trace operator
maps W ,Z/p(Q) continuously into W',}/p(aQ) for any polygonal domain §2.

The next lemma relates the decay of the trace of a W',?/p function near the vertex to

the deca - of the function itself.

LEM 1A 2.2, Let a« € (0,27). Then there exists a constant C such that

1
. lu(x,0)]" lu(z, y)|?
(30) /l; ——I—(].L S C “uH']-'/P,P,Sa + -1—2+—yz—d1' dy
and
Ju(z. )P p Duz,0)7
(26) / I,_)—_Fy—g-(ll (Iy S C ||u||2/p‘p‘sa +/0 ———x-—dr)

a

for all u € 1'V§/"(Sa).2

Proof. Supose 8 lies between a/2 and . Then 6 is bounded away from 0 and 2.
and so we may find a constant C' depending on a but not 8 for which

1
1 . : .
/0 rTHu(rcos8,rsind) —u r,0)Pdr < C”““f/p.p,r"

Moreover by Lemma 2.1, there is a single cons ant C such that

H“Hf/l,yp'['” S C'”u”g/p‘p_SO S C”“Hg/p,p,so

holds for all such 6. Thus

1 1
/ r~Hu(r,0))?dr < C </ r~Huircos8,rsind)|" dy + ““”g/,, .S > .
O 18 (3

Rt

Integration over 8 in (/2. «) gives (2.5).

“Either of the two integrals entering in (2.5) anc (2.6) may be infinite. In that case the incqualities
naply that they both are infinite.

OO O OO0
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To prove (2.6) it suffices to show that

1 .0 r
// lu{r, J ({L dy <C (”lt“‘).’)/p,p‘l) +/ P_I(ITL(I,I)
0 ;

. . . . - . -2/p .
wlere D is the unit disc, since we can always extend « function in U,,/I(S'a) to one in

—_
[EV]
-1

~—

”',I,/p(D). Considering the trace of u on I'™ and applying Lemma 2.1, we see that

1 1

lu(—2.,0)| (/ lu(r,0)P )
2.8 —_—dr < C —dr P .
(2.8) /o T o= 0 T ar+ llu”‘/"””D

Let 8 € [7/2,37/2]. Applying the lemma again, we get

!
/ rHu(r cos 8, rsiné) — u(r,0)|Pdr < C Hu|]l/’ e S C||u||2/p 2D

0

where we may choose C independent of 6. Consequently,

1 1
(2.9) / r Hu(rcos b, rsing)|Pdr < C <||u]|2/pp p+ / 7‘_1|lt(r,0)|pdr> .
‘ 0

0

Similarly for 8 € [0.7/2] U [37/2,2x], we may consider the trace of u on the boundary of
the sector formed by the negative z-axis and the ray emanating from the origin with angle
8 and use (2.8) to conclude (2.9). Integration of (2.9) with respect to § € (0,27) gives

(2.7)

3. The main theorem. Homogeneous Boundary Conditions. Let Q denote
a (bounded and simply-connected) polygonal domain in the plane. Denote by zj, j =
1,2,... N, the vertices of § listed in order as 9N is traversed counterclockwise, and by
['; the open line segment connecting z;—; to z; (we interpret the subscripts on z and T’
modulo N'). We explicitly assume that the magnitude of the : ngle formed by I'; and T ;4
at z; lics strictly betwe n 0 and 2, i.e., we cxclude domains v ith slits. We also denote by
v the outwird-pointing unit vector normal to € which is defiuied on 9Q\ {2;,...,zx} and
by v; its constant valu- on I';. Similarly @ and o; refer to the counterclockwise tangent
veetor.

S ppose that U ¢ W';“(Q) satisfies (1.1) and vanishes on Q. Then, of course,
Jo f = 0. In addition 9U/dg; = 0 on T'; and 0U/J0j41 = 0 on Tj41. For s > 2/p
the Sobolev imbedding theorem implies that both the directional derivatives 9U /00 and
0U /90,41 are continuc us on €2, so they both vanish at z;. Since the vectors o; and 04,
are linearly independer | it follows that f = div U vanishes at z;. Define

e ), 0<s<2/p,
- » feHr _ vl aoo
(3.1) B ()= fEU () | E l2(L<oo,]—l.“.,[\ , §=2/p,
QIF T
{feW M| flz))=0, j=1....,N}, s>2/p.
6
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s
e
g
;:: This space is normed by the restriction of the 1) norm except if s = 2/p in which case
'T’.:fo. we take the norm to he

e 1fGPP l”
P 170y = 1120 + Z e
Lty Pt
"y We have just seen that for s > 0, s # 2/p,
19'4 L
) (3.2) div([IW Q) NIV L)) C W9
:‘(\5 This is also true if s = 2/p, as we now demonstrate. For any ¢ € U'2/p+l(Q) NTV,(Q) the
::v tangential derivative d¢/00 vanishes on every edge. In light of (2.6) it follows that
&'(!Q(g

9¢(z)/0c;|? " |06(2)/00,41|7
I ¢( )/ 2}[ dZ + / I ;‘)( )/ ]2+1l (I: < o0,

oy a 12—zl a lz—z
%) . . .
:‘\ Since 0; and 04, arc lincarly independent,
A0
.
Y / |51ad #(z) 2 (1’: -2 00,

B Iz — 2
e The inclusion (3.2) follows by application of this result coinponentwise to U.
15 ! )
'?;% The next theorem is our main result for homogeneous boundary conditions. It shows
:,‘ that in fact equality holds in (3.2) and that the divergence operator admits a bounded

I right inverse which does not depend on s or p.
W
; l’j THEOREM 3.1. Let 1 <p<oo,s>0. If p# 2 :uppose that s —1/p ¢ Z. Then there
i‘} exists a bounded linear map
R
yht SR 674 rs+1 Fi 2
3‘- L:WHQ) — (W (@) n ()]
:::l‘:.: such that divL(f) = f for all f € I'V;(Q). The ope ator £ may be chosen independently
) . . 3
.::‘l.:, of s and p.
‘e..'::: Remark. We conjecture that the hypothesis that s — 1/p ¢ Z is unnecessary for all p.

not just p = 2. However this hypothesis is necessary for certain trace results we use in our
proof. Sce the remark to Theorem 4.1.

g Lo

-

Several gredients of the proof of this theorem will be developed in the next three
sections. These ingredients assembled, the proof of Theorem 3.1 becomes very short. It
is given in the last section of this paper. The analogue of Theorem 3.1 for the case of
inhomogencous boundary conditions is also true. This result is stated as Theorem 7.1.

-
-

1%

{ @
Ry

3More precisely, there is a lincar operator

, c: U W) — V(@)
- et
* - o
ﬂ’: such that for each 3 and p, £ maps H"‘f(Q) oundc lly into [‘V;+1(Q) N H'rl, (Q)]Q.
#4090,

o
s ” . 1\5

fy '’ ' S
@. e h\"aé.n a4 That b, m.m a‘ﬁll.‘w" 'q*ﬂtg q‘;"a. et
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a'!f 4. A result concerning traces on a line. In the case of a smooth houndary, the

b : : . o i : :

o construction of a solution of (1.1) vamishing on 342 as sketched in Section 1 was based on

o . . . . . .

\ the existence of a function w whose curl coincides with the negative gradient of another

RS function v on the bhoundary., In extending this construction to the case of a polygon, we
$ need to know what vectorticlds may arise on a polygonal boundary as the traces of curls
! or gradients. The main results of section 6, Theorem 6.2 and Corollary 6.3, provide the .

a0 answer. In deriving them. we need a colleetion of other trace theorems, starting with

s those of this section regarding traces of a function of two variables on a line. Let S( 1) .
- . , . .

5 denote the Sehwartz space. 1.e., the space of '™ functions of one variable, all of whaose
u derivatives decrease faster than any pol\'uomml at infinity, and let S'(R) denote its dual.
» o ~1; ~7 I -

. Let @2, 8'(R) denote the subset of [1,=, S'(R) consisting of vecters having at most a

& .. , . .

finite number of non-zero entries. Given subbpa((‘s V; € S'(R), 0 £ 5 < m. we view the

b ('artesian product H _, V; naturally as a subspace of @jzo S'(R) by setting all entries

E with index greater tlmn m to zero.
>

\ TuroresM 4.1, Let s and p denote real numbers such that 1 < p < 0o, s > 1/p. If

pF 2 assume that s = 1/p & 1. Then the trace map

)

W .

2 j d’u

o ur— ylu = —

n Oyj

)

X

-1/ . . .

,‘. waps W31 R%) boundedly onto W, 7V P(RY provided j < s — 1/p. Moreover, there is a

: map
5'\ x

. - ~7 - 2

W S PSR - ¢ (R*\(Rx {0}))

:f'r j:ﬂ

NP —y=1/pn,m

9‘ sucli that, if £ = H"'_U P TRy wthm < s — 1/p. then
»

-l

. 1 m

A 2 )

K : L1r“,pR?<Cap “f[,q——_]—l/p‘p.R
. =0

o

) and

18 = f). =0.1..... m {

W

iy . . . . . .

B - (1) Heneetorth we avold the case s = 1/ piantegralaif p # 20 sinee 1n this case,

. the ranze o the frace operator is o Besov space whicl does not coincide with any Sobolev

spaces O L Cliapter 7
) . R ~ . - . ea—g3=1/p

’::a 2o I foile v frow the theorem that it o= E 0 foo fun 00000 warh f, € T ,: ITHT R
, thien the toer

ote () =0

i . =

e ok

Py PIAANAD Y A -‘-‘ N O ¥y AN ™

' 3 S'r "‘h‘...."‘_ wv. - 0, .\ M ,'.'\‘.‘9 |Ql.ﬁ



'lAl:l-.J-

o g
- AU R

> o
Ty G G %

e -
e

Aty S Ay
»

»r

v : "
[ R

YhYN Y

@ EANNANNS

a—k-1/p

as a fanction in 11, (R, provided 1 < b < s = 1/p. By the Sobolev imbedding

theoren.
o1tk

1. SR—— 1(). r e .
(+.1) TrggF ) reR

in the pointwise sense) provided m < b and j - b < s —=2/p.
1 1 J /

Proof. The asserted propertios of the trace operators 47 are standard. of. [3] and [7].
Since we require a fired extension operitor &, . independent of «. we include a detailed
derivation of this part of the result. Ow constructior: extends that given in {7]. Let § be

a function in S(R) which satisfies
/ S(t)dt = 1. / HS()dt =0, j=1.2.....
R £

Such o function exists. as is easily scen 1 sing the Fourier transform. F. These conditions
translate to choosing (FS)(0) = 1 anc (FS)(0) = 0 for j = 1.2..... Since F is
an isomorphism on S(R), we can choosc § € S(R) with these properties as follows: let
\ € C°(R) Le any function that is identi-ally one in a neighborhoo 1 of the origin. and -et
S = F~!\. Now we define

vlz,y) =E(foo fro- )L, y)
= U)Z /5 Ao+ utydt. (oy) € RP\ (R x {0}

7=0

(4.2)

where again, \ € C35(R) is any function that is identically one in a neighborhiood of
the origin. Note that only a finite number of terns in (4.2) are non-zero because we are
assuming that (fy, f1....) € @jio S'(R). It is easy to verify that ¢ has the asserted traces.
The boundedness of £, from H;‘”:o “'Y;—J_l/”(R) to U'/f(ﬂ"’) follows from the following
result. [J

Levata 4.20 Let j be a nouncgative i teger, S € SiEjoy € O Ry and f € ety
Define

IR

ooy = (y! / Stoifia = utvdte ooy e R-
JH

Then, for anyv ral s pwith 1 << p <t X and s > j= Vpwith s -1 p¢ Zifp+#20 there
Liolds

‘1"1“-,11,?@3 - C f =1, R

The coustant € (1:'1)1‘“(1.\ oy, S s el It but not o

Proof Let

wia oy oyt / .gl/tftkl‘ vyt dt.
B

’(- ‘<, e . .
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For any positive integers k > j, there are coeflicients ¢y, ..., ¢; and a function Si; € S(R)
such that

9k J ‘
) = Z"'yl—l/ SOf* D (x + yt)*
R

-‘)yk poort
_ _
=Y o [ St (g?)J FEI(z + yt) dt
1=0 R
J P J—=1 A
:/ {Z a (_55) [S(t)tk"’]} FE=D (2 4 yt) dt
R =0

=: / SO FED(z 4 yt)dt
R
Similarly, for positive integers & < j, there exists a function Sx; € S(R) such that

Ok 0 j—k .
5 (TY) =y Skj(t) f(x + yt) di.
y R

That is, for any integers k and j,

o w
dy*

(:c,y) — ymax{j—-k,O} / Sk]_(t)f(max{k—j,o})(x + yt) dt.
R

For differentiation with respect to x, we get

8kw max{j—k,0} & (max{k—;0})
or (oY) =y St f POV 4 yt) dt
z R

with some function Si; € S(R) . Combining these formulas, we have for any multi-index

o that

Dw(z,y) = y"mv\‘{j—lalyo}/Sa(t)f(maX{lal—j.O})(m+y;)dt
R

where S, € S(R). Leibniz’ rule then gives

D*o(z.y) = Y s D" Px(y) D w(a,y)
AL

= 3 Xealw) [ SalOF D s 4y,
R

BLla

for some x, 1 € C5°(R).

10




N Now for S € S(R), f € Ci°(R), and any real y, Young's inequality gives

. P
(4.4) / (o + I/t)(ltl dr < (/ |5(t)|dt) / |f(z)|P dz.
N R R

N In view of (4.3) and (4.4) the case of integer s reduces to proving that if § € S(R).

W f € CF(R), then
»
/S(t)f'(l'—i yt)dt
R

g 1.3

) /1.
_ g(x, y)—/S 1+Jt)(lt—/ ~1/y)S'(t) f(x + yt) dt
{ R

';4:*: To show this, set

R ~ t

e = [amsiie I+J,)]dt=/t5,(t)f<x> fatyt)
R R yt

dr (Iy < CS“f”;)—]/p,p.R'

From Holder's inequality, we find

W ) |
; lg(z. y)IP < C-'s/ Its’(t)|'f('r) f(-r’+ yl* o
R lyt]?

of Fubini’s Theorem thus yields

ra 5 - flr +yt)|?

\ (v, yffdedy <C /// " dtdrd
N //m WA= Es ] s [yel? ’
|

::: =Cs /// [S'(t)] flz) = flz + )P dtdr dz
) R® |z|P
!.‘

N . If(x) = flz+ )P
,:l - CS /A) |:EP drd:

5 wh chis the desired estimate (4.5). This establishes the theorem for integer s. Interpolation
‘ between consecutive integers then gives the theorem for all real <> 5 + 1.

A To complete the proof, we now consider the case j +1/p < s < j+ 1. In view of (4.3)

ey and (4.4) , it suffices to show that for o] = ; we have

An . ‘Dal?(‘l‘ y Du (*. ~)|p : N
Y | D]y~ pR2 = /R2 /m m T, dr dy didy

.I‘

0 < Clliflls=i=1/p.0R-

Because of (4.3) this reduces to showing thit for S € S(R), f < C§°(R), and ¢ defined by

» ser = [ Sf+ o)
R
11
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v we have

.“'! (40) |.(f|s,p,R7 < C-‘D'”f“s—l/p,p,ﬂ

:;M provided that 1/ - < s < 1. To show this, we cstimate:

P
3 lg( = y) —9(2,PI? <

~ASMUu+y0—ﬂi+mHﬂ

” < Cs [ IS(l1f(e +vt) = 1 + P

“: Thus

|frv+yt) f(@+gt)”
S < —dtdr dydzdy
‘/lspnz _CS.UUAS (1—1‘)2 + (y — g)2[rter 2 B TRy

o A siple change of variables yields

I e o)~ SEE RO
3 S50 S s e

; UL G eyt Gt
s ///Ra (z +yt) — (@ +Gt)|P |(x =) +( _5)2'1_*_3?/2 dtdz dz

f.' 1£(§) ~ f(mI? 1S )] 1€ = nf*? dtde d
B ///ns Ié—nl”’ =0 —(n -0F +(y— grprer 1

Thus to verify (4.6) it is sufficient to show that

1 dy d7 C
s /// |S(¢)| dt dy dy <% Ler
o rs lla = (v — 982 + (y — 9)2[+ep/2 = [ar

X A sunple computation gives

|S()| dt Ql+ep/2 / ] - Cs

X < SO+ t2)1Fer/2 gt =

X . T < G f SO0 O =
' because

[(a = bt)% + 02)(1 + £2) > (a® + 0%)/2.

:.‘ Therefore

.\
:’ /// |S(t) |(lth(/J <C. / dy dy _ Cs
i o= (=0 + (=21 =7 [ Jqa [ ¥ (y = 921 e~ apor”

This estab. shes the lemma. and thus the theoren . under the assumption that f; € Cg°(R ).

i The theorc n now follows for all ’; by a density rgument. J

Y Remark. For (f;) € @,’io S'(R),

[ akgt(f]_) _
oy ork

BRSO B LA LA uh X DR ERK] f DAOKED ORI AR M USRI AN ACLAOED
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5. Traces on intersecting half-lines. Theorem 4.1 concerns the traces of a 1V}
function on a line. Using a simple argument involving a partition of unity and local
coordinates it is casy to extend it to cover trace: on smootli curves. Since we are interested
in polygons, however, we will need a result a1 Jogous to Theorem 4.1 for traces on two
intersecting line segiments. To state this result, - e require some notation. By Ry we denote
the set of positive real numbers. Let

1
P = [ e

For m a nonnegative integer and s > m + 1/p define X} to be the space of pairs of
{(m + 1)-tuples

(5.1) ((F) o (95)0) € [T Wam i P(Ry) x [ W= 1/7(Ry)

1=0 1=0

satisfying

(5.2) £90)=¢20), 0<jk<m, j+k<s—2/p,
(5.3) "(fN — gDy <00, 0<jk<m, j+k=s-2/p

Note that (5.3) only applies if s —2/p is integral. The space X} is a Banach space with
the norm [[((f;), (g;))]

Xy, given by

1/p
m

> (U smsrpnmy + 1515 )

i=0
if s — 2/p is not an integer, and

1
m /p

) (k) ()
Z (”fj“,l;—j—l/pvpvﬂ+ + ”g.j|llq—j—1/p,p,R+) + Z Ip(f] - ng )

J=0 0<j,k<m
+k=r

if r = s~ 2/pis an integer.

THEOREM 5.1. Let m be a nonncgative integer and s and p real numbers with 1 <
p< ooands>m+1/p. If p# 2 suppose that s ~ 1/p # Z. Then the trace map

du " & ™

13
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'\|
!tg"
:';3 maps IV;(R'Z) boundedly onto Xs";, and admits a bounded right inverse
I
gt
EM XS - I'V;‘,‘(Rz).

b
::ﬁ TL opera or £™ is independent of s and p.
X
:“. Proof. Qur proof is similar to that of [3, Theorem 1.5.2.4]. Fi:st of all, we show that

; the operator defined in (5.4) maps W}(R?) into X[2. Let u € W;(R?), and set

e | |
) d'u du

! R = Z—=(0. - =
:::.: f]“ (ay] ao))w g_]"‘ (a.’[-’ (0, ))a .7 0’-‘-am'

"».':

By the Sobolev imbedding theorem 9**+74/3x¥dy7 is continuous on R? for k+j < s —2/p,

‘;;1: $0 (5.2) holds. If s = m+2/p and k+ j = m, then we apply Lemm. 2.1 to d™u/3z%9y’ to
::3:; mfer (5.3). Now we define, in several steps, the operator £™. Let .”; denote the extension
".:::: opcerator in Theorem 4.1. Let RY* denote the vector of m + 1 rest-ictions
o Ou omu
) RIu:=|u(-,0),=—(-,0),...,=—(-,0)}.
& rui= (00, 5.0, 52 10)

Let £, and R} denote the corresponding oper itors with the z and y variables reversed,
e.g.,

D%

o™u A

’E?n-(o’)/

-~
-“-
e

I

o aw  ay

o

m Ou
Ryu:= (u(O, -),&—(0, Yy

First extend each f; and g¢; as fu ctions in I’V,‘,’_j_l/p(R) with an extension that is indepen-
dent of s and p. (Cf. [9, Chapter 17] or [10, Chapter 6].) Explicitl:- we t: ke the extension
of f; given by

" fi(x) = /0 A(s)fij(—=sz)ds, r <0,

-
Lo gs -

T

-
”

st and similarly for g;. Here A is chosen to be bounded, smooth for ¢t > 0, rapidly decreasing
at infinity, and satisfying

.c,?. (5.5) / (=) A dt = 1, k=0,1,2,....
0
i For example, we can take A(t) = R(t!/?) where R € S(R) is an odd function that satisfies
/R(t)t““dt = (-1)*, k=0,1,2,....
R

In particular, we can take FR(€) = i(sinh&)y(€) where x is any even function in C§°(R)
o that is identically one in a neighborhood of the origin and F is the Fourier transform.

f
o 14
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Let f (resp. g) denote the veetor of extensions of the boundary data (f,) on the r-axis
(resp. (g,) on the y-axis). Define
v=2:,(0-RUEER) + &R
Note that R" v = f because R*E, is the lentity operator. Also
Ryv=Ry&(f~-RYEEL)+ 8
Define
h=g-R)v= R,Z'S‘.(f - RTE,R).
fm< kand b+ j < s—=2/p. then h(Jk)(()) = 0 since (4.1} mplies
oi+k
Wg r
Ifh<mand b+ j <s—2/pthen

(f — R E,81(0,0) = 0.

1+ k
(k) (k) r L= (1
H(0) = 6)(0) = Fmamr (0,00 = (0 = £10)
which is zero in view of (5.2). Also, if k = s — ) = 2/p, then
1 3 P
. ‘ aj+kl,
(R :/ —1 | 6 gy ‘
IP(h;™) | t™ lg; (1) Oxl(?y"(o’t) it
1 +k P 1 - P
. Qithy ke or+ky
<2 t! (.“t——————t, dt 2/ i (t 0) = =——(0, !
<o [ |0 - gt dea2 | S 0= o)
+k,,
oy plD) (k) d’
S I(f )+C”0I10 k”l/ppl'/2
<27(f = ¢\ + Cllel? e

< C”( m_()a(_/] m )H,\""; < oo,

where we have used Lenuna 2.1 in the third i iequality. Thus. the function ilJ which agrees
with & on R4 and vanishes for y < 0 belon; < to ”"_'J—]/I’(R) and satisfies

”hJ”S -)-1/p.p,R = < C” f; =1 (9; ;" 0)” ApeX
The function v = Ey(ho, ... hy) satisfies

)
o -
200, {wW%—éﬂ&w, 0<y <o,
—o<y<h
tEm((f))

for j=:0,...,m. Finally we sct ,(!};)) = u with (sce (5.5))

|((

u(z,y) =vizr,y)+w(r,y) / A(s)w(x, —sy)ds, (z.y) € R%

Note that the last tern insurcs that g (r,0) = (1 0) = f,(r) forj =0,. |
y?
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6. Extension to general domains. Traces of curls and gradients. We now
extend Theorem 5.1 from the case of a single corner to a polygonal domain. For simplicity
of notation, anl since this is all we need to prove our main theorem, we consider only the
cases i = 0 and m = 1. We use the notatio of section 3 for a polygonal domain. If f
and ¢ are functions defined on T'), and T’ 41 respectively, we set

INf,y) = / t™ (20 — t0,) = g(zn + tOn +1)|P dt
Q0

where € = minjoy v {5 — 252

For s > 1/p we define XY (909Q) to be the space of N-tuple

Sl)
N

(6.1) (6u)ney € [T Wat/2(Tn)

n=I

satisfying

I!:(¢lla¢n+1) < 20, ifs = 2/]3

(6.2)
¢n(zn) = ¢n+1(3vr)a if s > 2/p

forn =1,...,N. The space X (99) is a Banach space with the norm ||(¢n)£l=1”X?,(aﬂ)
given by (4, + 42)/? where

N
A = Z ”‘75"”‘;—1/,,,,,.1‘",
n=1
AY
K| { Zn:l Iﬁ(d’ns ¢rr+1), § = 2/]),
Hg =

0, otherwise.

For s > 1+ 1/p we define X} (09) to be the space of N-tuples of pairs

(¢7ls ”)n—l € H I‘ S—l,p ) X LV;-I—I/"(F")
satisfying

éll(zll) = én+l(:n)~
I 0¢n ad)n—i—l

. e 5
=0, + PV, —0u4 + lr’n+lvn+l) < X0, ifs =1+ 2/ P
aon 00',,+1

16




09 , "0on 1 ) .
(aon O, + v,V ) (zn) = .80'—” —Ou41 + n41 Va4 (:n)v ifs>1+ 2/ ’
n \ n o1
0%o oy P ont1 Ont1
1/'( - —0On - On+y + "_lvn : 0n+l-'_-)”_ v O _'"—‘Vn-#l 'Un) < 00,
do’ Jo,, 0o} 4, 00, 41
ifs=2+4+2/p.
02@:1 au'n (’)20114-1 0‘v'u+]
(—("93? n Ongr + _:Vn 041 )(~n) = 00%+[ n Opt1 + 001.+1 V41 ou)(:u)v
ifs>242/p.
for n=1.....N. The space X, (092} is a Banach space with the norm

. N
” (D1, vn ),,=1 “.\'}P(,19)

given by (B + By)'/? where

N
_ NP
B] = Z (“Qn“,_l/pp[‘" + ||l*"H,~1-1/p‘p.l",.)
n=1
and
\ ) 2 )‘f’n /. A J—
Zn_l 1,’:( ():, O, + uVa. du":loll-f-l + Vut1Vasr ), s=1+ 2/P~
a? (7,
B, = Z 1=1 In((()ul "Ou4 + —Vn 041,
;=
9
_T'Lon On41 + :) (—LV,,+1 : Ull)‘ s=2+4 2/P~
0, otherwise.
THEOREM G.1. Let s and p denote rea numbers such that 1 < p < oc, s > 1/p. If

p# 2 assutne that s — 1/p ¢ Z. Then the trace map

s (e, )=y

boundedly onto X7,

Haps U'I';'(Q) (0€1) and admits a bounded richt inverse

’l) . \()

q’)

($2) — 1.

If in addition s > 1 4 1/p, then the trace map

Ju
" v,

H —

ll[l‘

n=1

17




i maps W) boundedly outo X | (0). and admits a bounded right inverse
A S
' Ep t N LOQ) 0 T2
o Both the operators £ and £ are independent of < and p.
o
R . B . .. . . .
P Proof. We can coves 082 with a Huite collection of open sets suel that cacl set in tlis
colleetion may be mapped by an invertible athne 1iap onto the square (=1.1) x (=1,1) n
\ sucli a way that the inte section of the set with s mapped onto one of the following sets:
by (=1, 1) x (0,1). (0. 1) x 0.1).or (=1.1) x (=1.1 \[0.1] x [0,1]. In light of Theorem 5.1
and the extension theorcm for Sobolev spaces, a s imple partition of unity argument gives
-
. the present result.
We can now characterize the traces of curls of i functions. Let Z;(OQ) (s>1+41/p)
.; denote the subspace of N-tuples of vector-valued functions
4 \
A , N ca—1—1/p; ra—1-1/p
X (6.3) (Ga)no, € JT WY, x Wamt=t/nr,)
. n=|\
i \:\ti.\f_\'ilxg
‘
'
L) AN
: \6-1) > / b vy =0,
n=-1 Lo
N (G.8) I"(na,41) < oo, ifs=1+42/p,
'
: (Gg) 1I'n(:n):‘1’n+1(3n)~ lfS > 1+2/P»
4,
)
) P, - Vi O Y
(6.10) I Yo Vurr O 1) < . ifs=2+42/p,
00:1 001a+1
4,
o, v N Y
[ N ' i+1 +1
; (6.11) () = e (20),s if s >2+2/p
§ 00“ 00”+1
%
) This space v normed 1 the usual way.
. Turonrest 6.2. Let s aud p denote real numbers such that 1 < p<oo,s > 14+ 1/p. 'f
[} B
p A2 asse that s = 1/p ¢ 2. Then the operator
o 1o 12y u o (eurlufp, ),
miaps WrHD) boundedly onto Z;(O&Z). and admits a bounded right inverse E.yn which is
| idepender t of s and p.
!
¥
': Proof That the operator in (6.12) maps u into Z;(OQ) follows from the continuity and
’ frace prope oties of curlu aud 321 /00,00, 41. Gicen (h,) we define .y ((Pn)) as follows.
For = € 94 let .
K
) olz) = f Y- vpdsy,
y
: 18 |
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(the integral taken counterclockwise along I') and set
On = 0lr,. Yn=-—Y, -0,. n=1,...,N.
It is casy to ver fy that () € Z,(0Q) implies (¢, 14,) € X, ,(08). We set

Ecurl((lpn)) = ‘C ((Cﬁﬂ’d’")) C

We conclude this section by showing that the trace of the gradient of a W;(§2) function
i~ also in Z5(0N) as long as the function sati. fies some necessary compatibility conditions.

A
Namely we define the subspace W3(Q) of W (§2) for s > 2 as follows. For s <2+ 2/p,

(0.13) i Q) = {ueW;(Q)[/Au:o};
Q

for s > 2+ 2/p,

VV“(Q) {ue A5 (Q)|/Au=0, Au(z;) =0, j———l,...,N};
Q
and for s =2+ 2/p,

2 p
”"}'»(Q):{lté“"ﬂ I/A = 0. IIAU( ):2 d2<oo,j=1,...,N}.
S

EN
The Banach norm on 15(§2) is the restriction of the W) norm except if s =24 2/p, in

whicli case

\ ) Au(z)|"
s —1|uu',,,n+Z 1Bl 4.

. z2—2z
e () a | il®
COROLLARY G.3. If s > 2, then the operator

u— (gradulr, ) -,

A
maps Wi(§2) boundedly into Z3(98).

A
Proof. It suffices to verify conditions \G 7)-(6.11) for g = grad u, u € W;(Q). The first
coudition holds sinee [ M= 0 for u € H M)

N

Z/ (gradu) v, = /au /Au—-O
I’

n=1 n

19




Condition (6.9) follows from the continuity of gradu on Q if s > 1 + 2/p, and similarly
(6.8) follows from the inclusion of (grad u)|r in IV,}/P(I’) if s =14 2/p. To verify (6.10)
and (6.11), we note that_(gradu) - v = du/dv, so

Ogradu - vp41)  O(gradu-v,) _ 0*u d%u

= — = _(on-H . VR)AU.
aon 00',14.1 00,.0\'”4-1 0071+10V:x

If s > 24 2/p, then Au(z;) = 0 by definition, so (6.11) holds. If s =2+ 2/p, then

Iz (0(g1‘ad U Vo) Ofgradu - V,,))
" 00',, ‘ 001z+1

[ it = 100) = (et
= Ay 0, — T3y +1
o 00, 0Vn4y Jo, 410V, ' "

¢ d*u O*u
<O t——(zp =10, ~ ————— (2, + tO P dt
- (,/() |aollavrl+l( ' 80110"71+1( ' "+1)|

+/ t™HAu(z, + toae)]? dt)
0

<C <.|“Hg+2/p.p.ﬂ + /0 t™HAu(zn + 10,44 )|pdt) .

For the las: inequality we have used Lemma 2.1. The estimate (6.10) now follows imme-

diately in light of Lemma 2.2.

7. Proof of the main result. Inhomogeneous boundary conditions. We now
prove Theorem 3.1, Given f € W’;(Q) for some 1 < p < oc and s > 0 with s — 1/p

nonintegral in the case p # 2, extend f boundedly to an open disc containing Q and
define u as the solution to Au = f which vanishes on the banndary of the disk. Then

A
w € Wit (Q) and [|ul 2 oo S CHf“W;(Q) In light of Coro’.ary 6.3 and Theorem 6.2,
Wt (0

\ - N
we may define w = -&cyp ((gmd ur, )”=l> . and thus we have curlw = — gradu on 02
and ||w]|e2 pa < Cllu|l s U Setting L(f) = grad u 4+ curlw gives the desired operator.
Witz
P

This completes the proof.

Let us consider the case of inhomogencous boundary data. For s > 1/p we set

®a X0,0) = [X%,(00)]",

;‘b‘.;

hat 0 ac - =10 1P it
S0 J02) means that g = (g, -+ ,g, ) with g, ) n)| satisfyin

% g € XU (a9) that g = (g1, g ) with gu € [1;7/%(T,)] " satistying the

‘:fl conditions given by (6.2). For 5 > 0 we defir * V,)(Q2) to be the space consisting of those
pairs

e (7.1) (f.8) € TWV(R) « X4y ,(09)

* ‘)(




for which

Ogn%-l * Vg ()‘(‘ 0t Vu-{—l

(7.3) I":(_Oﬁ_ —%”——.V,,'U,,+1f)<x. ifs:?/p.
- agn "V, Ogn " V- . B
(14) < 0;:+1 - 00_” L) (:u) =V 0n+lf(:n ). if s > 2/1’

It is not cifficult to sce that a necessary condition for the existence of U € [T+ 1(Q)]”

satisfying

divU=f m9Q,
U=g ondf.

is that (f.g) € V,)(Q2). The following theorem shows tl at thi- condition is also sutficicn:
and that t'iec problem (7.5) adniits a bounded right invesse which does not depend on ~ or

P

TuEOREM 7.1, Let 1 < p< oc. s> 0. If p# 2 sup rose that s = 1/p ¢ L. Then theie
exists a bounded linear map

V) - e’

such that ‘or any (f,g) € V(2 | the function U := K(f,g) solves (7.5). The operator N
may be clhiosen independent of . and p.

Proof. For (f,g) € V,)(R), the function V = flge [Ur',f‘“(ﬂ)]2 satisfies V = g on 0.
Tudeed, tlis follows from Theorem 6.1 since g € X§,, ,(99). The conditions (7.2)- (7.4)
Liave been chosen precisely to guarantcee that

f—divV el (Q).
Thercfore the operator

Kifg)=L(f-divV)+V=L(f-divElg) +Eng

has the desired properties.
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